Ground state cooling of nanomechanical resonator via parametric linear coupling 
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We present a ground state cooling scheme for a nanomechanical resonator linearly coupled with 
a LC oscillator. The linear coupling, when periodically modulated at red detuning, up-converts 
the low-frequency nanomechanical mode to the high-frequency LC oscillator mode and generates 
backaction force that can cool the resonator to its ground state in the resolved-sideband regime. We 
also study the effect of the quantum backaction noise on the cooling due to the counter rotating 
term in the linear coupling. The scheme can be compared with laser cooling for the atomic systems 
and can be realized in superconducting circuits. 

PACS numbers: 



Nanomechanical systems with ultra-high quality fac- 
tor (Q-factor) have been demonstrated to approach the 
quantum limit in recent experiments [il, SB I3- The 
study of the quantum behavior in such systems can have 
profound impact on various topics including the detec- 
tion of weak forces [sl, the study of classical-and-quantum 
boundary in macroscopic objects 0,0], and quantum en- 
tanglement and quantum information j^. Couplings be- 
tween nanomechanical systems with solid-state devices 
[§| or atomic systems have been widely studied and 
can facilitate the implementation of quantum control and 
quantum engineering in such systems 

Ground state cooling is crucial for the quantum engi- 
neering of nanomechanical systems Recently, cool- 
ing of nanomechanical modes from room temperature 
to a few Kelvin has been achieved via dynamic back- 
action force or active feedback cooling in optical cavities 
and solid-state circuits (isl . [isl . Furthermore, 
the resolved-sideband regime has been reached in exper- 
iments, which is a key step in the preparation of the 
nanomechanical modes to the ground state [3,Sl- In the- 
ory, full quantum mechanical treatments have been devel- 
oped to study ground state cooling of the nanomechanical 
modes via radiation pressure force EHHIiOl- It has 
also been proposed that cooHng can be achieved by cou- 
pling the nanomechanical modes to quantum two-level 
systems (qubits) in solid-state devices (ill. E^]. 

SoHd-state electronic circuits, with their flexibility in 
device layout and parameter engineering, provide diverse 
forms of coupling between nanomechanical modes and 
other degrees of freedom in the circuit. The radiation 
pressure-like force between a nanomechanical mode and 
a superconducting resonator has been explored for the 
cooHng of the nanomechanical mode [1, [lB| ■ In this work, 
we study a novel ground state cooling scheme where the 
nanomechanical resonator couples linearly with a LC os- 
cillator mode (i^. For constant coupling, the LC oscil- 
lator together with its thermal bath can be viewed as 
a structured-thermal bath that is in equihbrium with 
the nanomechanical mode [i^l, with no cooHng. How- 



ever, when the coupHng is periodically modulated at red 
detuning, the low-frequency nanomechanical quanta are 
up-converted to the high-frequency LC oscillator quanta 
which are subsequently dissipated in the circuit, and 
cooling can be achieved. Here, we study the cooling 
process with the input-output theory in quantum optics 
[17 . 18, 25] and show that the nanomechanical mode can 
reach the ground state in the resolved-sideband regime. 
The stationary occupation number of the nanomechani- 
cal mode (final phonon number) is limited by the quan- 
tum backaction noise which is due to the counter ro- 
tating term in the Bogoliubov Hnear coupHng [i^]. A 
close analogue between this scheme and the laser cool- 
ing for atomic systems can be drawn jl^l- The cooHng 
scheme can also be explained by a semiclassical circuit 
theory where the dynamical backaction force acts as a 
frictional force on the nanomechanical vibration. The 
scheme can be implemented by coupling the nanome- 
chanical mode capacitively with a superconducting res- 
onator mode [2^.[29| and using an external gate voltage to 
control the coupling. Note that periodically modulated 
linear coupling was studied previously for generating en- 
tanglement and squeezed state in nanomechanical modes 
[i^ l- which is a central element in implementing quantum 
protocols such as quantum teleportation. 

Consider a nanomechanical resonator capacitively cou- 
pling with a LC osciHator in a soHd-state circuit. The 
nanomechanical resonator forms one plate of the coupHng 
capacitor, where the capacitance can be expressed as 
C{x) — CxQi^—x/do) in terms of the vibrational displace- 
ment X of the nanomechanical mode and the distance do 
between the capacitor plates. Two schematic circuits are 
presented in Fig.[Tl which give two types of coupHng. The 
total Hamiltonian has the general form Ht = hiUaO^ a-\-Hc 
with Wa being the frequency and a (a^) being the annihi- 
lation (creation) operator of nanomechanical mode, and 
He being the Hamiltonian of the LC oscillator. In cir- 
cuit (a). He includes a capacitive energy p'^/2C{x) and 
an inductive energy ip^ /2L, where Lp is the phase variable 
labeled in the circuit and p^p is the conjugate momentum. 
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(b) 



FIG. 1: Circuits of nanomechanical resonator capacitively 
coupling with a LC oscillator, (a) radiation pressure-like cou- 
pling and (b) linear coupling modulated by gate voltage. 



And Hr can be written as 



He = nujbb'b (a 

Z da 



(1) 



when expanded to the first order of x. Here, tot = 
{LCxo)~'^^^ is the frequency of the LC oscillator, 6 (6^) is 
the annihilation (creation) operator of the phase variable, 
and Sxq is the quantum displacement of the nanomechan- 
ical mode with x — 6xo{a + a'^). The coupHng between 
the nanomechanical mode and the LC oscillator in this 
circuit is hence a radiation pressure-Hke coupHng It 
was shown that resolved-sideband regime for the nanome- 
chanical mode can be reached in this circuit 

Below we focus on circuit (b) , where the nanomechan- 
ical resonator couples with the phase via an applied 
gate voltage Vc- The Hamiltonian of the LC oscillator is 



He 



(py ~ CxQVcX/do)^ 

2{C^o-Cxox/do) 2L' 



(2) 



with the total capacitance Cso = C + Cg + Cxo- Note 
that the gate voltage Vg = —VcCxo/Cb is applied to the 
capacitance Cb to balance the linear driving on the mo- 
mentum due to Vc- It can be derived that 

He = hwbb^b + gr{a + a))b'^b - igi{a + a^){b - b^) (3) 

which includes both a radiation pressure-Hke coupling 
with the coupling constant 



9r 



huib Cxo Sxq 
2 Cso do 



(4) 



and a Bogoliubov linear coupling with the coupling con- 
stant 



gi = -iCxoVc 



hlOb Sxq 
2Cso do 



(5) 



that depends on the appHed voltage Vc- The frequency 
of the LC oscillator is now ujb = {LCso)~^^'^ ■ 

We choose the following parameters which are real- 
izable in superconducting circuits: Cxo = 0.6 fF, Cso = 



2.5 fF, Ub = 7.5 GHz, and Vc = 25 mV. The ratio between 
the linear coupling and radiation pressure-like coupling 
can be derived to be gi/gr — Wc-\/2Cso/fi^f,. With the 
above parameters, we have gi/gr ~ lO'^ and gi — 2 MHz. 
In contrast to circuit (a), the linear coupling is the dom- 
inant term here. We will only consider the linear cou- 
pling in our discussion. With a constant driving voltage, 
Eq. ^ describes two harmonic oscillator modes in ther- 
mal equilibrium at the bath temperature To- However, 
the scenario changes when the coupling is periodically 
modulated by an RF voltage source Vc{t) = 2vcSmuJdt 
at a frequency ujd- In the rotating frame of the driving 
frequency, the total Hamiltonian becomes 



HI' 



huOaa)a-hl:\b'^b + gi{a + a)){b + b'^) (6) 



with the detuning —A = ujb — uJd and the coupHng gi. 
Here, we study the red detuning regime with —A > 0. 

Damping is a crucial factor in the cooling process. We 
assume the damping rate of the nanomechanical mode to 
be 7o and the damping rate of the LC osciHator to be 
kq, both of which are associated with a thermal bath at 
the temperature To and the thermal occupation number 
riio = {exp{hwi/kBTo) — for i = a,b. With Tq = 
20 mK and ojb = 7.5 GHz for the LC oscillator, Ubo ~ 
10~* and can be treated as zero. 

We use the input-output theory to study cooHng in the 
linearly coupled system. In the Heisenberg picture, the 
following operator equations can be derived 



= -iuaa- igi{b + b^) -'^a + ^fy^a 



iA6 — igi{a + a)) 



Kobi: 



(7) 



as weH as their conjugate equations. The operators am 
and bin are noise operators for the corresponding thermal 
bath jiHi. Similar to Ref. 17, the cooHng rate can 
be derived as 



r. = 



4gfKo\A\uja 



(A2_ ^2 + ^)2 +^2^2 



(8) 



in the weak coupling limit. And the stationary occupa- 
tion number is 



f TcUo + -fQUaO 

r, + 70 



?10 + ^("aO - "o) (9) 
t c 



when Fc 7o , and cooHng of the nanomechanical mode 
can be achieved. Here, no « Kq/Wlo'^ is the quantum 
backaction noise. Note when —A = oja, i.e. the driving 
frequency is at the first red sideband, we have 



Fc = 



4,9? 



Ko(l 



(10) 



One interesting point is that a Hnear coupHng of the form 
in Eq. ^ can be derived from the radiation pressure- 
like coupling by linearizing the interaction relative to the 



2 



amplitude of the driven cavity mode, which explains the 
similarity between the current result and that in the ra- 
diation pressure cooling schemes 17, 13, 26| . 

The periodical modulation of the linear coupling is the 
key to this cooling scheme. For constant gate voltage 
Vc, we can replace —A in Eq. ^ by ujb and derive that 
Tc ~ AgfnQUJa/^l <C 70 with tut ^ uia (even with a 
nanomechanical Q-factor of 10''). Then, « Uao with 
no cooling. The two oscillator modes are hence in thermal 
equilibrium, and the LC oscillator together with its bath 
acts as an effective thermal bath for the nanomechanical 
mode at the temperature To With periodical mod- 
ulation of the coupling, the effective frequency of the LC 
oscillator becomes —A in Eq. ([6]), but its thermal occu- 
pation number is still nto- Hence, the LC oscillator can 
now be viewed as being at an effective temperature 



(11) 



and acts as a cold reservoir that extracts energy from the 
nanomechanical mode. This is similar to the sympathetic 
cooHng scheme where one ion (atom) species at a lower 
temperature is used to cool another ion (atom) species at 
a higher temperature via Coulomb coupling [30(|. The pe- 
riodical modulation of the coupling up-converts the low- 
frequency nanomechanical quanta to the high-frequency 
LC oscillator quanta. 

The above cooHng scheme can also be viewed as a 
modified laser cooling scheme in the resolved-sideband 
regime where uja ^ kq ^2^. With periodical modula- 
tion of the linear coupling at the red detuned frequency 
—A = uJa, the term a^b + b^a generates a resonant 
cooHng transition with the transition rate (cooHng rate) 
= Agf / kq. At the same time, the term d^h^ + ba gen- 
erates an off-resonant heating transition with the tran- 
sition rate (heating rate) « gfKQ/Auf^, which is the 
origin of the quantum backaction noise. This analysis 
gives: no = A+/(j4_ — « k^/IGw^, agreeing with 
our previous result. 

To clarify the role of the counter rotating term a^h^ + 
ba, we study the cooHng process by omitting this term 
in the linear coupling and solve the stationary occupa- 
tion number of the nanomechanical mode with a master 
equation approach. We derive 



= 1 



A{uja + A)^ + kI 
45f 



To 



(12) 



to the first order of the damping rate 70 . In contrast to 
Eq. ((9]), the occupation number here is solely limited by 
the damping rate 70 of the nanomechanical mode. This 
result shows that the quantum backaction noise is a direct 
result of the counter rotating term. 

One experimental system to implement this scheme is 
a nanomechanical resonator capacitively coupling with a 
superconducting LC resonator [2^. The damping rate 
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FIG. 2: Occupation number ni versus detuning. Solid curves 
are by Eq. © at = 2 MHz (thick line) and gi = 1 MHz 
(thin line). Dashed curves are by Eq. lfT2|l at gi = 2 MHz 
(thick line) and gi = 1 MHz (thin line). Other parameters 
are: uJa = 20 MHz, 70 = 2 KHz, and kq = 4MHz. 



of the LC oscillator can be tuned by using a dissipa- 
tive element R in the circuit. With the progress in mi- 
crofabrication, nanomechanical resonators with Q-factor 
exceeding 10^ can now be made (2| where Fc ^ 70. The 
occupation number is hence lower bounded by the 
quantum backaction noise no- In FigEl we plot the sta- 
tionary occupation number given by Eq. ^ with typical 
parameters in superconducting circuits. It is shown that 
cooling of the nanomechanical mode to n^ = 0.01 can 
be achieved, starting from Tq = 20 mK (n^o = 20). The 
results by Eq. I|12p are also plotted for comparison. 

Given the circuits in Fig.[Tl a semiclassical circuit the- 
ory can be appHed to explain the cooHng process. Let 
the voltage on the phase island (labeled as (p) be Vb = ^p. 
With a driving voltage Wce"^''* and the nanomechanical 
vibration x(t) — a;e*'^°*, we derive that 



Vb 



(13) 



where the damping in the circuit is kq = (i?Cso)~^. The 
dynamical backaction force on the nanomechanical res- 
onator from the electromagnetic field can be written as 



co'S'o 



2(rfo + x)2 



(Wc - Vbf K. \x- toFc 



(14) 



which contains a small modification A to the elastic con- 
stant of the nanomechanical mode and a frictional force 
proportional to x. Here, S'o is the area of the capacitor 
plate of Cx- The frictional force has a 7r/2-phase differ- 
ence with the nanomechanical motion with x ^ iiOaX at 
weak coupling. It can be derived that 



F. = 



45f(w<i + Wa)^Ko/wb 



((Wd -I- UJaf- - + ['^d + t^a)^Ko ' 



(15) 



when substituting Eq. |[5]) for gi. At —A = Wa, we have 
Fc = Agf/KQ. In Fig.[3l we plot the cooling rates by Eq. 
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FIG. 3: Cooling rate versus detuning. Solid curves are by Eq. 
© at ffi = 2 MHz (thick line) and gi = 1 MHz (thin line). 
Dashed curves are by Eq. iflSjl s± gi — 2 MHz (thick line) and 
gi = IMHz (thin line). 

([H]) and by Eq. lfT5|) . In the resolved-sideband regime 
with kq ^ "J^a, the two results are only slightly different. 
However, the semiclassical approach can not explain the 
quantum backaction noise in Eq. ([9]). 

The cooling rate by the linear coupling in circuit (b) 
is proportional to w^. For comparison, the cooling rate 
by the radiation pressure-like coupling in circuit (a) is 
proportional to the average occupation number nf, de- 
termined by the driving voltage Vg on the LC oscillator. 
With like parameters, it requires that fib ~ 10^ in cir- 
cuit (a) to achieve cooling rate comparable to that in the 
linear coupling scheme. 

To conclude, we studied a novel scheme for the cool- 
ing of nanomechanical resonators via linear coupling in a 
solid-state circuit. We showed that ground state cooling 
can be achieved in the resolved-sideband regime by peri- 
odically modulating the Hnear coupHng. At moderate Q- 
factor, the final occupation number of the nanomechan- 
ical mode is lower bounded by the quantum backaction 
noise due to the counter rotating term in the linear cou- 
pling. The scheme can be realized in superconducting 
circuits with current technology and provides an inter- 
esting alternative to cooHng schemes based on radiation 
pressure-like force. 
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